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Abstract: In this paper, we introduce a new class of nonlinear expansive mappings
governed by a rational displacement-distance gauge ¥, 3, which simultaneously
depends on the interpoint distance and the individual self-displacements of the
operator. This framework extends classical Wang—type expansive models that are
based solely on interpoint distances. Under a natural domination condition linking
displacement and distance, we establish the existence, uniqueness, and global con-
vergence of fixed points for ¥, s—expansive mappings in complete metric spaces.
The proposed approach yields a displacement—sensitive expansive mechanism that
enables the treatment of operators not covered by classical expansive conditions,
thereby overcoming limitations of existing theories and providing a more flexible
framework for applications in nonlinear analysis. Several nontrivial examples are
presented to illustrate the applicability, strength, and novelty of the proposed the-
ory.

Keywords and Phrases: Expansive mappings; fixed points; displacement con-
trol; rational gauge; backward iteration; metric spaces.

2020 Mathematics Subject Classification: 47H10, 54H25, 54E50.



178 South FEast Asian J. of Mathematics and Mathematical Sciences

1. Introduction

Since the pioneering work of Banach [5], fixed point theory has evolved into
a fundamental framework in nonlinear analysis with wide-ranging applications in
both pure and applied mathematics. A variety of contractive conditions have been
developed in complete metric spaces, including nonlinear contractions due to Boyd
and Wong [6], Meir and Keeler [21], and classical mappings of Kannan [19] and
Chatterjea [8]. Further important generalizations were introduced by Geraghty
[13] and Ciri¢ [9], as well as approaches based on altering distance functions by
Khan, Swalech and Sessa [20]. These ideas have been extended to various general-
ized metric structures, such as b—metric spaces by Czerwik [10], generalized metric
spaces by Branciari [7], partial metric spaces by Oltra and Valero [24], and ordered
metric frameworks with significant applications by Harandi and Emami [14].

In contrast to contractive mappings, expansive-type mappings arise in settings
where distances may increase under iteration. A fundamental contribution in this
direction was made by Wang [32], who introduced uniform expansive conditions of
the form

d(TE& Tn) =2 Ad(&n),  A>1L

Subsequent studies established fixed point results for various classes of expansive
mappings and their extensions; see Wang et al. [33], Park and Rhoades [27], and
Taniguchi [31], as well as further developments in generalized metric spaces by
Shahi [30] and Yesilkaya and Aydin [35]. A common feature of these models is that
the expansion mechanism depends solely on the interpoint distance d(§,n) and
does not involve the individual self-displacements d(&, 7€) and d(n, n). This
limitation may restrict their applicability in situations where displacement effects
play a crucial role.

On the other hand, displacement-sensitive contractive frameworks have proved
to be highly effective in extending and unifying fixed point results. Notable exam-
ples include the a—-contractive mappings introduced by Samet, Vetro and Vetro
[29] and the F-contractions of Wardowski [34]. These approaches have been further
developed in more general metric-type spaces by Jleli and Samet [17], [18], Pakhira
[25], and Moussaoui [23], demonstrating that the incorporation of displacement
terms provides enhanced flexibility and stronger analytical control.

Motivated by the absence of a systematic displacement-sensitive theory in the
expansive setting, we introduce a rational displacement-distance gauge V¥, 3 and
define a new class of ¥, g—expansive mappings. This framework simultaneously
incorporates interpoint distances and self-displacements into the expansion mech-
anism, thereby extending classical Wang-type conditions. In particular, the pro-
posed class strictly enlarges the family of expansive mappings by including opera-
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tors that do not satisfy any classical distance-based expansive condition.

The strength of the proposed generalization lies in its ability to capture a
broader class of nonlinear operators through displacement-dependent control. The
rational structure of the gauge ¥, s allows adjustable sensitivity with respect to
both distance and displacement, leading to greater flexibility in applications and
improved convergence behavior under mild assumptions.

Recent developments further highlight the growing importance of fixed point
methods in a wide range of applied problems, particularly in the study of integral
equations and fractional differential equations. For instance, Panda et al. [26] em-
ployed fixed point techniques to establish existence results for multi-term fractional
differential equations, demonstrating the effectiveness of such methods in analyzing
complex nonlinear dynamics. Similarly, Alsaadi and Metwali [3] investigated cou-
pled systems of Hammerstein—Urysohn integral equations, while Deep et al. [11]
applied Darbo-type fixed point results to functional stochastic integral equations.
Moreover, Metwali and Alsaadi [22] developed extensions of Darbo’s fixed point
theorem to treat systems of nonlinear integral equations, further illustrating the
central role of fixed point theory in modern analysis and its applications.

In parallel, significant progress has been made in the development of general-
ized metric structures and advanced contraction frameworks, aimed at broaden-
ing the applicability of fixed point results. Jachymski [16] provided fundamental
characterizations of generalized contractions, while Imdad et al. [15] extended
these ideas to b-metric-type spaces with applications. Aydi et al. [4] investigated
multi-dimensional fixed point results in generalized settings, and Alsaedi et al. [2]
explored further applications in nonlinear analysis. More recently, Agarwal et al.
[1] and Radenovié¢ et al. [28] have contributed to the advancement of fixed point
theory in generalized and abstract metric frameworks, highlighting new directions
and techniques.

These developments clearly indicate that incorporating additional structural
features—such as generalized distances, nonlinear control functions, and displacement-
dependent behavior—leads to more flexible and powerful analytical tools. This
growing body of work strongly motivates the development of displacement-sensitive
expansive frameworks, such as the one proposed in the present paper.

2. Preliminaries
Throughout this paper, N denotes the set of positive integers and RT = [0, 00).
Let 2" be a nonempty set and let d : 2" x 2~ — R*.

Definition 2.1. (Metric space [5, 12]) The pair (£, d) is called a metric space if,
for all&,n,( € 2, the following conditions hold:
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1. d(&,m) =0 if and only if £ =n;
2.d(&n) = d(n,€);
3. d(&,¢) <d(&n) +d(n, C).

The classical Banach contraction principle [5] ensures that every contractive
self-mapping on a complete metric space admits a unique fixed point, which can be
obtained as the limit of successive iterations. This motivates the following standard
notions.

Definition 2.2. (Fixed point, Picard iteration and convergence [5, 6, 12, 21]) Let
(Z°,d) be a metric space and let T : X — Z be a mapping.

1. A point m € Z is called a fixed point of  if T =m.
2. For any initial point & € 2, the sequence {&,}n>0 defined by
Enr1 = T&n, n >0,
is called the Picard iterative sequence generated by 7 from &.

3. The mapping 7 is called a Picard operator if it has a unique fixed point
m € X and, for every initial point &y € 2, the corresponding Picard sequence
converges to m, that is,

lim d(&,,7) = 0.

Definition 2.3. (Convergence) Let (2, d) be a metric space and let {&,}neny € 2
be a sequence. We say that {&,} converges to m € 2", and write &, — =, if for
every € > 0 there exists N € N such that

d(&,, ™) <e foralln > N.

In this case, 7 is called the limit of the sequence.

Definition 2.4. (Cauchy sequence) A sequence {&,}nen C 2 is called a Cauchy
sequence if for every e > 0 there exists N € N such that

d(&m, &) < e for all m,n > N.

Definition 2.5. (Completeness) A metric space (£, d) is said to be complete if
every Cauchy sequence in Z  converges to a point in Z . FEquivalently, for every
sequence {&, tneny C X there exists m € X~ such that

lim d(&,,m) =0.
n—oo
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These fundamental concepts will be used throughout the paper in the analysis of
v, g—expansive mappings and their fixed point properties.

3. New Control Function

Classical expansive fixed point inequalities introduced by Wang and subse-
quently developed by several authors [27, 30, 31, 33, 35] describe expansion solely
in terms of the interpoint distance d(&,n). In such formulations, the individual
self-displacements d(&, 7€) and d(n, 7 n) do not influence the expansion mecha-
nism. Consequently, these models may fail to capture finer structural features of
nonlinear operators, particularly in situations where displacement effects play a
significant role.

In contrast, displacement-sensitive contractive frameworks [29, 34] demonstrate
that incorporating self-displacement terms leads to stronger and more flexible fixed
point results. This observation motivates the development of a corresponding
displacement-aware framework in the expansive setting.

To this end, we introduce a rational displacement—distance gauge that simulta-
neously accounts for the interpoint distance and the individual displacements.

Definition 3.1. (Rational displacement—distance gauge) Let o, f > 0. Define the
function W, 5 : [0,00)* — [0,1) by
CO[
\Ija’ﬁ(a’b’c)zl—i—aﬁ—i—bﬁ—i—ca’ a,b,c> 0.

The function ¥, (a,b, ¢) measures the relative influence of the interpoint dis-
tance ¢ compared to the displacement magnitudes @ and b. When the displacements
a and b are large, the denominator increases and the value of the gauge decreases,
resulting in a weaker expansion effect. Conversely, when the interpoint distance c
is dominant, the gauge increases and strengthens the expansion mechanism. The
parameters a and 3 control the sensitivity of the gauge with respect to distance
and displacement, respectively.

Proposition 3.2. (Basic properties) For every o, 5 > 0 and all a,b,c > 0, the
function ¥, g satisfies:

1. 0 <V, 5(a,b,c) <1 and ¥, 4(a,b,0) =0;

2. W, g is strictly increasing in ¢ on (0,00) and strictly decreasing in each of a
and b on (0,00); these properties extend to [0,00) by continuity;

3. if there exists 0 > 0 such that a® + b% < 0c®, then

(67

C
\Ija ab7 2 o~ .
7ﬁ(a C) 1 _|_ (1 + G)Ca
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Proof. Let o, 8 > 0 and a,b,c > 0.
(1) Bounds. Since ¢* > 0 and

1+ad®+b 4+ >0,

we have U, 5(a,b,c) > 0. If ¢ =0, then ¥, 5(a,b,0) =0. If ¢ > 0, then

(67

c
U, 5(a,b,c) < i 1,

which yields 0 < V¥, 5(a,b,c) < 1.
(2) Monotonicity. For fixed a,b > 0 and ¢ > 0, differentiation gives

%) ac® Y1+ a” +b°)
_\I]a 7b> =
sla,b,c) (1+aP +b% + )2

>0
oc ’

so U, g is strictly increasing in c.
For fixed b,¢ > 0 and a > 0,

0 Bal e

_\I[a 7b7 = -
Fa Lo (@0 ) =~

5 <0 whenever ¢ > 0,

showing strict decrease in a. The same argument applies to b. Continuity of ¥, g
extends these properties to the boundary points.
(3) Lower bound under domination. Assume that a® + 0% < 0c®. Then

T+a? +b0° +c <14 (1+6)c.

Since all quantities are positive, taking reciprocals yields

1 1
> .
1+aP+00 4+~ 1+ (1+6)c

Multiplying by ¢* > 0 gives

Q

&
\I]a Y b7 Z —7
slabe) 2 77 (1+0)ce

which completes the proof.

4. ¥, s—Expansive Mappings

Classical expansive mappings introduced by Wang and further developed by
several authors are characterized by inequalities in which the expansion factor de-
pends solely on the interpoint distance d(&, 7). Such conditions do not incorporate
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the individual self-displacements d(§, 7€) and d(n, 9n), and therefore may fail to
capture finer structural properties of nonlinear operators, especially in situations
where displacement effects are significant.

To overcome this limitation, we employ the rational displacement—distance
gauge W, 3 introduced in the previous section and define a new class of expan-
sive mappings.

Definition 4.1. (U, g—expansive mapping) Let (2", d) be a metric space and let
T X — X be a mapping. We say that T is U, g—expansive if there exists a
constant A > 0 such that, for all &, n € X with £ # n,

AT Tn) = (14 A\ (d(, T€), dln, Tn), d(€n)) ) (&)

The above inequality defines a nonlinear expansive mechanism in which the strength
of expansion is modulated by displacement terms. When the self-displacements are
small relative to the interpoint distance, the value of ¥, 3 becomes large, result-
ing in stronger expansion. Conversely, large displacements reduce the value of the
gauge and weaken the expansion, thereby allowing more flexible behavior beyond
classical distance-based conditions.

Remark 4.2. If
A, 7€) =d(n, Tn) =0,

then

d (0%
\I/a,ﬁ(()? 0, d(f, 77)) = %’

and Definition 4.1 reduces to a rational expansive condition depending only on
d(&,m). Thus, the class of YV, g—expansive mappings naturally extends classical
distance-based expansive models.

Remark 4.3. A classical Wang-type expansive mapping satisfies the inequality
d(7¢, Tn) = Ad(&n),  A>1,

for all &, € X, In this formulation, the expansion factor X is constant and
depends only on the interpoint distance. In particular, the behavior of the mapping
at individual points, measured by the self-displacements d(&, TE) and d(n, Tn),
does not influence the inequality.

In contrast, a ¥, g—expansive mapping satisfies

AT Tn) 2 (14 A Was (A, T€), dln, Tn), d(€n)) ) (&)
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where the expansion factor

CQ’

14 af +bP + o

1+ A¥,s(ab,c) =1+ A

depends simultaneously on the interpoint distance ¢ = d(&,n) and the self-displacements
a=d(&,TE) and b=d(n, Tn).
This leads to the following fundamental differences:

1. In the classical case, the expansion factor \ is fived, whereas in the ¥,z
framework the effective factor

14+ AV, 5(a,b,c)

varies with the points. Thus, the expansion adapts to the local behavior of the
mapping.

2. Classical expansive mappings ignore the quantities d(§, 7€) and d(n, Tn).
In contrast, these terms directly influence ¥, 5. Large displacements increase
the denominator and reduce the expansion, while small displacements enhance
it. This yields a finer and more responsive control mechanism.

3. If the displacements vanish, that is,
(&, 7€) =d(n, In) =0,

then

Q

\Ijaaﬂ(o’[)?C) = 1 + CO“

and the inequality reduces to a distance-dependent expansive condition. Hence,
classical-type behavior is recovered as a particular case.

4. There exist mappings for which the classical inequality
d(TE, Tn) = Md(&,n)

fails for every A\ > 1, while the ¥, g condition remains valid due to the com-
pensating effect of displacement terms. This demonstrates that the proposed
framework applies to a strictly larger class of nonlinear operators.

5. The parameters a and B allow independent adjustment of the sensitivity with
respect to distance and displacement. This flexibility is absent in classical
Wang-type models and is advantageous in applications.
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Therefore, ¥, g—expansive mappings provide a genuine generalization of classical
expansive mappings by replacing a rigid constant expansion factor with a displacement-
sensitive and adaptive mechanism.

5. Main Result

For expansive mappings, the classical forward Picard iteration &,,1 = &, is
not, in general, an appropriate convergence scheme, since distances may increase
under iteration. In such situations, a natural alternative is the backward Picard it-
eration (also called a backward orbit): given an initial point {; € 2", one constructs
a sequence {&, }n>o satisfying

yéﬂ"rl - fna n Z 0

The existence of such a sequence requires that .7 be surjective.

Theorem 5.1. Let (Z7,d) be a complete metric space and let T : X — Z be a
surjective U, g—expansive mapping. Assume that there exists a constant 0 > 0 such

that, for all £,m € X with & #n,
d(&, 7€)" +d(n, Tn)” < 0d(&,n)". (1)

Then 7 admits a unique fized point m1 € 2 . Moreover, for each initial point
& € X7, every backward Picard sequence {&,}n>0 satisfying T &1 = &, converges
to .

Proof. Let ¢,n € 2 with £ # n and define

a=d(& 7€), b=dn,In), c=dEn).

By (1) and Proposition 3.2, we obtain

(67

C
U, sa,be)> ——
slabe) 2 77 (1+6)ce

Substituting into the W, g-expansive inequality yields

o
d(yg,yﬁ) Z (1 +)\m) C.

Rearranging, we obtain

1+ (14+06)c
CSUOATETN. 1) = i
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where 0 < ¢g(¢) < 1 for all ¢ > 0.
Let § € 2. Since J is surjective, there exists a sequence {§,},>0 such that

T &1 = & Define
Cp = d(fnﬂ, fn)

Applying (2) to (§n41,&n), we obtain
cn < q(cn)cn-1-

Thus {c,} is decreasing and bounded below by 0, hence ¢, — ¢ > 0.
Assume ¢ > 0. Passing to the limit and using continuity of ¢, we obtain

t<q(0)¢,
which is impossible since 0 < ¢(¢) < 1. Therefore ¢ =0, i.e.,

d(£n+17 fn) — 0. (3)

We now prove that {¢,} is a Cauchy sequence. Since g(c) — 1 as ¢ — 0, there exist
g € (0,1) and N € N such that ¢(c,) < qo for all n > N. Hence, for all n > N,
Cn < o Cn—1-
By induction,
Cp S Q(;Z_NCN-

Thus the series ) ,.,c, converges by comparison with a geometric series, and
consequently {&,} is a Cauchy sequence.

Since (27, d) is complete, there exists m € 2~ such that &, — 7.
We now show that 7 is a fixed point. Using 7&, 1 = &,, we have

A(Tm,7) < d( T, Tarn) +d(En, ).
From (2), applied to (7, &,41), we obtain
d(ﬂ', €n+1) S Q(d(ﬂ'v £n+1)) d<y7"7 ygnJrl)a

which implies

1
d(yﬂ', y§n+1) S md(ﬂ', §n+1).

Since d(m,&,11) — 0 and ¢(t) — 1 as t — 0, the right-hand side tends to 0, and
hence d(Im, 7&,11) — 0. Since TE,11 = &, — m, it follows that

d(Inm,m) =0,
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and therefore Jm = 7.
Finally, let 7’ be another fixed point. Applying (2) to (m,n’), we obtain

d(m,7") < q(d(w, 7)) d(m, 7).

Since 0 < ¢(-) < 1, this implies d(m,7’) = 0, hence 7 = 7'.

Remark 5.2. The domination condition (1) is an additional structural assump-
tion and does not follow automatically from the ¥, g—expansive property. Indeed,
the definition of ¥, g—expansiveness allows the displacement terms d(&, 7€) and
d(n, Tn) to behave independently of the interpoint distance d(&,n).

The role of condition (1) is to ensure that these displacements remain suffi-
ciently controlled relative to d(€,n). More precisely, it prevents the denominator in
the gauge

COé

14 a + b8 + o

from being dominated by the displacement terms a® +b°. Without such control, the
value of W, 5 may become arbitrarily small even when ¢ = d(&,n) is large, thereby
weakening the expansion mechanism and obstructing convergence.

From an analytical viewpoint, condition (1) can be interpreted as a growth re-
striction on the mapping 7 , ensuring that the displacement behaves at most polyno-
maally with respect to the interpoint distance. Such balance conditions are common
i nonlinear analysis and play a crucial role in establishing convergence results.

For instance, mappings with polynomial-type growth (such as those presented
in Section 6) typically satisfy (1), whereas mappings with rapidly increasing dis-
placement (e.g., exponential-type growth) may fail to satisfy it, even if they satisfy
a ¥, g—expansive inequality. Therefore, the domination condition is natural but
nontrivial and is essential for ensuring the effectiveness of the gauge and the con-
vergence of backward Picard iterations.

U, s(a,b,c) =

Remark 5.3. Every classical Wang-type expansive mapping satisfies
Ad(TE Tn) 2 Xd&,m),  ro>1
and is therefore U, g—expansive for a suitable choice of A\ > 0. Indeed, since
0<W¥,p(abc) <1,

we have
L+ AV,4(a,b,c) <1+ A=A,

so the ¥, g—expansive inequality is weaker than the classical Wang condition.



188 South FEast Asian J. of Mathematics and Mathematical Sciences

However, the converse does not hold in general. In the Vg framework, the
effective expansion factor

(67

14+ AV, 6(a,b,c) =14+ A

1+ aP+ 08 + ¢

depends explicitly on the displacement terms and may vary from point to point. In
particular, this factor can be strictly smaller than any fized constant \g > 1, even
though the W, g—expansive inequality remains valid.

This variability allows the proposed framework to capture mappings that ex-
hibit non-uniform or locally adaptive expansive behavior, which cannot be treated
within the classical Wang-type setting. Consequently, the class of ¥, g—expansive
mappings strictly contains the class of Wang-type expansive mappings.

This strict inclusion is not merely formal but has concrete implications: there
exist mappings (see Section 6) that satisfy the U, g—expansive condition but fail
to satisfy any uniform Wang-type inequality. Therefore, Theorem 5.1 provides a
genuine and nontrivial extension of the classical Wang fixed point principle.

6. Examples

This section provides representative examples that illustrate the scope, effec-
tiveness, and strict generality of the proposed V¥, g-expansive framework. The
aim is twofold: first, to verify the applicability of the main theorem by explic-
itly constructing mappings that satisfy all the required conditions; and second, to
demonstrate that the present approach genuinely extends the classical theory of
expansive mappings.

In particular, we exhibit mappings that fail to satisfy any uniform Wang-type
expansive condition, yet still fulfill the ¥, g-expansive inequality due to the pres-
ence of displacement-dependent control. This confirms that the incorporation of
self-displacement terms leads to a strictly larger and more flexible class of opera-
tors.

Furthermore, the examples highlight how the domination condition is naturally
satisfied in typical nonlinear settings, while also clarifying its role in ensuring con-
vergence of backward Picard iterations.

Example 6.1. Let (27,d) = (R, |- |) and define
TE) =€+, ¢eR

Then .7 is strictly increasing and satisfies lime_,1 o 7 (§) = oo, hence it is bijec-
tive. The fixed point equation

T(r)=n <= n+7m=m
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yields 7 = 0, and thus the unique fixed point is 7 = 0.
For £ # n, we compute

(T¢ =Tl =€ —n)+ (& =) =& =nl(1+ & +&n+1°).
Using the identity
E+en+n*=3E—n*+E+n)® > 1(E—n)?
we obtain
76— T = (14 3g =P )l 1.
Fix a =2 and 8 =1, and set
a:‘é-g’u b:|n3’7 C:‘f_m

Then
Uy, (a,b, ) e
a Cc) = C.
AT T ra bt e T

Multiplying by A = 717 we obtain

AWsyi(a,b,c) < ¢, and hence 1+ AWy (a,b,c) <1+ %LCQ.

1
1
On the other hand, from the previous estimate we have
7€ = T = (1+1e*)e
Therefore, combining the above inequalities yields
(14+AVUy;(a,b,c))c < (1 + %c2>c <|TE&— T
Hence,

A7 Tn) > (14 A0, (a,b,0) )dlE,m),

which proves that .7 is ¥4 ;—expansive.
Finally, consider the backward orbit {&,} defined by &,,1 = 7 1(&,). Since 7 is
strictly increasing and satisfies 7 (£) > € for £ > 0 and T (§) < € for £ < 0, it
follows that

|€nt1] < |€n|  whenever &, # 0.
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Thus, {|¢,]} is decreasing and bounded below by 0, hence convergent. Let ¢ =
lim,,_, |&,|. Passing to the limit in

fn = <?(Sn-H) = fn-&-l + 62—&-17

we obtain ¢ = ¢ 4 (3, which implies ¢ = 0. Therefore, &, — 0 = 7.

Moreover, it is straightforward to verify that the domination condition (1) is satis-
fied for this mapping; hence, by Theorem 5.1, .7 admits a unique fixed point and
every backward Picard sequence converges to m = 0.

S O lim T() =40
e s e e P B! |

-
\ 1

: \ UNIQUE FIXED

- POINT 7 =0

1

Jim 7(§) = %00 ] |

Figure 1: The mapping 7 () = £ + &

Domain 7 Codomain 7

[d(E 701 = (1+ AW, dE. )

7(E)

di&,n) 7,70

3 o

Figure 2: W, j-expansive condition

Example 6.2. (Strict inclusion of ¥, g—expansive class). Let (2", d) = ([0, 00), |-])
and define

T =¢+8,  £>0.

The mapping 7 is continuous and strictly increasing, since 7'(§) =142 >0
for all £ > 0. Moreover, .7 (0) = 0 and lim¢_,», 7 (§) = 00, so .7 is bijective. The
fixed point equation

T(r)=n <= n+n’=m
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a=1& b= FIXED PARAMETERS:
a=2 | a=2
l B=1p8=1
] ‘ A=4 | A=1/4
— |£31 .
a=|l b=Irl (derived from
b,) 2 conditional bounds)
a,b,c)=————
> > 1+a+b+c?

c=¢-n|
£ LOGICAL
dé,m) CONSEQUENCE:

‘I’z,l <c?

T

e

& oM € c=[&-n|

Figure 3: Deconstructing W, ; parameters

7®) 5
AT !
=T &) Pyt —m

"B 001 o001 ...

Figure 4: Backward orbit {&, }convergence

A. THE MAPPING 7(¢) =¢+4 ¢ B. ¥, ;-EXPANSIVE CONDITION
T(€) | | //g 11111 T (&) = +oo Domain R Codomain R Scale factor
o —tll
o ' MG
?;r /ﬂd( ) E Pﬁ’)
/’ 3 ’ 7?
z g |,55.’,’7|{ =|7¢ - Tn) d(T€,Tn) = (1+AWy,1)d(£,n)
n
\UNIQUE FIXED i___’ B W L7 (n) 1‘
POINT 7 =0 | — }
eﬂ‘fmf(ﬁ) = oo Domain R Codomain R Scale
C. DECONSTRUCTING ¥;; PARAMETERS D. BACKWARD ORBIT {£{,} CONVERGENCE
a= |E3| / | T(f)
——— S s
c? ‘I’Z,l < c? 1 =T (fn) E ?\'\ """" !
b=|r| \Fz‘l(a’b’c):1+a+b+cz gt (30
f 0160 & & .. 3
- lc =[5 =l |
FIXED PARAMETERS:
c=t—1 a=2,B8=1,1=1/4 b=|']3| |§'n| : 0.(‘)25 0.(I)1 O.IOI n

Figure 5: Visualization of W, ;-expansive mapping and backward orbit
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yields the unique fixed point © = 0.
Failure of Wang—type expansiveness. For £ # 7,

|T&— Tl =1 —nl(1+&+mn),

so that
| T7E — T
& =1

Since infg ,>0(1 4+ & + 1) = 1, there is no constant A\g > 1 such that

=1+&+0.

| TE— Tl > Nl —n| for all £ #n.

Hence, .7 is not Wang-type expansive.
VU, ;—expansiveness. Fix a = § =1 and set

CLI€2, b:7I27 C:‘f_nl

Then
c c

‘1/1,1(6%1770): 1+§2+772+c = 1+c§c‘

Thus, for any A € (0, 1],
AV 4(a,b,c) <ec.

Since ¢ < & +n for all £, > 0, it follows that
1+ AV 4(a,bc) <14+&+n.
Consequently,
(1+AV(a,b,c))e < (L+E+n)e=|TE— T

Therefore,

A7 Tn) > (1+A1a(a,b,0))d(,m),

which shows that .7 is ¥y ;—expansive.

The mapping .7 is ¥, g—expansive but not Wang-type expansive. This proves
that the class of ¥, g—expansive mappings strictly extends the classical Wang-type
class.
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7. Conclusion

In this paper, we have developed a new displacement—sensitive expansive frame-
work based on the rational gauge ¥, 3, which simultaneously incorporates inter-
point distances and individual self-displacements. This approach provides a sig-
nificant extension of classical expansive models, including Wang—type inequalities,
where the expansion mechanism depends solely on the interpoint distance.

Under a natural domination condition linking displacement to distance, we
established the existence, uniqueness, and global convergence of fixed points for
VU, g—expansive mappings in complete metric spaces. The use of backward Picard
iteration offers an appropriate and effective convergence scheme in the expansive
setting, where forward iteration may fail.

The examples presented in this work demonstrate that the proposed class
strictly contains mappings that are not Wang-type expansive and cannot be treated
within existing distance-based frameworks. This confirms that the incorporation
of displacement into the expansive condition leads to a substantially broader and
more flexible theory.

Furthermore, the displacement—sensitive nature of the proposed framework sug-
gests potential applications in areas where expansion depends on the state of the
system, such as nonlinear dynamical systems, fractional and ordinary differential
equations, and integral equations with non-uniform growth. In such contexts, the
ability to incorporate local displacement information may provide improved tools
for modeling, stability analysis, and convergence behavior.

Future research may focus on extending this theory to generalized metric struc-
tures, including b-—metric spaces, partial metric spaces, and perturbed metric set-
tings, as well as exploring further applications to nonlinear differential, integral,
and discrete dynamical systems.
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